
JULY 1974 TECHNICAL NOTES 1005

Table 2 Comparison of contributions to Magnus side force coefficient

Cy (pressure dist.)6 Cy (axial shear) Cy (measured)6

Case I
Case II

-0.0023
-0.0016

0.0006
0.0005

-0.0002
-0.0008

metric transition pattern on the nose will contribute significantly
to the Magnus moment.

To estimate the significance of this effect for an actual 10° half-
angle cone, the contribution due to the pressure field (displace-
ment effect) and axial shear stress are compared using data from
Ref. 6. The magnitudes of the calculated terms are shown in
Table 2 for two cases: Case I—Mach number = 2, a = 2,
ReL = 5.9 x 106, coR/V^ = 0.24; and Case II^Mach number = 3,
a = 2, ReL = 4.8 x 106, coR/V^ = 0.19, along with the measured
value of the side force coefficient. The measured transition profiles
are shown in Fig. 2.

It can be seen here that the shear contribution is a sig-
nificant portion of the total and corrects the force in the proper
direction for comparison with the measured data but appears to
be too small for both cases, especially for Case I. Considering
the data uncertainties and the assumptions involved in the shear
force calculation, the trend is encouraging.

Thus, it has been shown that the shear contribution to the
Magnus force and moment can be significant on nose shapes
where a mixed asymmetric boundary layer exists, and a method
of estimation indicated.
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Calculation of Low Reynolds Number
Flow past a Square Protuberance
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Introduction

THE qualitative features of the flowfield downstream of two-
dimensional roughness elements immersed in a laminar flat

plate boundary layer are well known. Such protuberances are
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employed in many wind-tunnel experiments to promote transi-
tion and assure turbulent boundary-layer characteristics on
models. Sedney1 has described the effects of two- and three-
dimensional protuberances on boundary-layer flows. In the two-
dimensional case at low speeds, transition generally occurs
downstream of the reattachment point if the protuberance height
k is considerably less than the undisturbed boundary-layer
thickness d.

This Note describes numerical solutions of the steady-state
Navier-Stokes equations for the flowfield near a square two-
dimensional protuberance immersed in a plane Couette flow.
We expect some of the qualitative features of the separation
phenomena induced by the protuberance in the Couette flow
to be similar to those found in the flat plate boundary-layer
case. Numerical results have been obtained for Reynolds
numbers, Re, between 1 and 200 based on plate velocity and
protuberance height.

Description of Numerical Calculations
The steady-state Navier-Stokes equations for incompressible

flow can be expressed in rectangular coordinates in terms of the
vorticity transport equation

•dx \Jdy dx2 Ti =0dy (D

(2)
and a Poisson equation

(d2\l//dx2)+(d2\l//dy2)+£ = 0
where vorticity f is defined by

£ = (dv/dx)-(du/dy) (3)
and stream function \l/ is defined to satisfy the continuity
equation

u = d\l//dy and v = — d\j//dx (4)
Numerical solutions of Eqs. (1) and (2) have been obtained
using a Gauss-Seidel iteration procedure. The solution technique
is based on a method developed by Gosman et al.2 using an
upwind difference scheme to approximate the convective terms.

Figure 1 shows a schematic of the computational region and
boundary conditions employed in the numerical calculations.
Plate EF moves at constant speed U0 above the stationary
plate and protuberance ABCD. Vorticity boundary conditions
along the stationary or moving walls are obtained by a Taylor
series expansion of the stream function in terms of the mesh
spacing normal to the wall (A?/), where \l/w represents the stream
function along the wall and ^w+1, the value at the grid point
adjacent to the wall. Results shown in this Note are based on a
second-order accurate equation for the wall vorticity

(5)

which is valid for a stationary wall when U0 is set equal to zero.
Calculations were also performed using a first-order accurate
equation for wall vorticity with little difference in the results.

Two different grid mesh configurations were used in the
calculations. The grid consisted of a 6x11 cell protuberance
immersed in a 51 x 21 cell flowfield for Re ^ 50, with a larger
81 x 21 cell flowfield used for Re ^ 100. The upstream boundary.
AE, was located at approximately X = - 8 for all Re, where

X = (x-xk)/k (6)

Eqn.(5)

"
</>=( ) ,£ from Eqn.(5)with U0 =0

Fig. 1 Schematic of computational region and boundary conditions.
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Fig. 2 Streamlines near protuberance for Re = 10 based on two
different methods for corner vorticity.

refers to distances measured from the position of the protuber-
ance leading edge, xk, in terms of the protuberance height. The
downstream boundary, DF, was located at approximately
X = 9.5 for Re ^ 50 and at approximately X = 93.5 for
Re ^ 100.

The specification of vorticity boundary conditions at the sharp
protuberance corners, B and C, poses a computational dilemma
because more than one method can be used. The two methods
used in these calculations show that the predicted location of
downstream separation is sensitive to the method employed at
low Reynolds numbers. The first method is an attempt to force
separation to occur at the downstream corner C. This method
treats the corner vorticity as a single-valued function, assuming
that the flow along wall BC determines the value of the vorticity
at B and C. The second method treats the corner vorticity as a
double-valued function, using two different equations depending
on whether the corners are considered to be part of the
horizontal or vertical protuberance walls. Reference 3 contains
details of these methods and a complete description of the
numerical results.

Figure 2 illustrates the differences in the solution when these
two methods are used to specify the boundary conditions at the
sharp protuberance corners. At Re = 10, the size of the small
upstream separation bubble remains the same independent of the
method employed for corner vorticity. The size of the down-
stream bubble, however, is changed. Separation occurs very close
to the downstream corner C using the single-valued method,
with reattachment at X = 3.2. The double-valued method, on
the other hand, predicts separation (O.l)fc below comer C with
reattachment at X = 3.0. At higher Reynolds numbers, separa-
tion is predicted less than (0.1 )fc below the corner with both
methods.

The numerical results predict that the flow perturbations
introduced by the protuberance persist downstream for long
distances and decay more slowly as Re increases. For Re = 100
perturbations of the x-component of local velocity no larger than
0.44% of the Couette flow value are present at X = 93.5, one
cell height off the stationary plate. The flow perturbations are
larger for Re = 200, 8.1% of the Couette flow value at the same
downstream station. Figure 3 shows streamlines in part of the
calculated flowfield for Re = 200. Separation occurs less than one
cell below corner C with reattachment at X = 26.

Converged numerical solutions could not be obtained using
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Fig. 3 Streamlines near protuberance for Re = 200 based on double-
valued method for corner vorticity.

this iterative procedure for Re = 300, 500, and 1000. This is
probably caused by the local mesh size and is related to the
numerical stability problems encountered by Macagno and
Hung.4 It is also possible, however, that nonconvergence is con-
nected with a physical flow unsteadiness of the type noted by
Mueller and O'Leary5 in two-dimensional backstep experiments
for Ref > 100, where Ref is the Reynolds number based on
step height and freestream velocity.

Discussion of Results

Numerical solutions for a square protuberance immersed in a
plane Couette flow predict a very small separated flow region
upstream of the protuberance, with length and height almost
independent of Reynolds number for Re between 1 and 200. The
upstream influence of the protuberance does not extend beyond
approximately X = — 4 for all calculated Re. Klebanoff and
Tidstrom6 report upstream influence extending to X = — 30 for
a cylindrical rod in a flat plate boundary layer at Reynolds
numbers between 550 and 916 based on protuberance height
and freestream velocity. We expect that the upstream separation
bubble for a square protuberance in a flat plate boundary layer
would be larger than in the present numerical results.

The downstream separation bubble, on the other hand, has a
height of order k and a length which increases almost linearly
with Re. Figure 4 shows the position of reattachment down-
stream of the protuberance for all calculated Reynolds numbers.
Two sets of experimental data for backstep-type flows are shown
for comparison. Measurements by Macagno and Hung4 for an
axisymmetric conduit expansion are plotted against Rec, based on
step height and centerline velocity. The experimental data of
Mueller and O'Leary5 for flow over a two-dimensional backstep
are plotted in terms of Ref. Klebanoff and Tidstrom6 (not
shown in Fig. 4) found reattachment at 30 < X > 40 for a
cylindrical rod in a flat plate boundary layer at Reynolds
numbers between 550 and 916.

Results for Re = 10 have shown that it is not possible to
resolve the exact location of separation on the downstream
protuberance face. Numerical results for Re ^ 25 predict separa-
tion to occur less than one cell below the downstream corner.
Calculations by Mueller and O'Leary5 for a two-dimensional
backstep geometry also predicted separation slightly below the
corner, so they investigate the location of separation in their
experiments. They remark,"... although suggested in some photo-
graphs, separation below the corner could not clearly be seen."
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Fig. 4 Variation of downstream reattachment position with Reynolds
number.
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It thus seems appropriate to interpret our numerical prediction
of separation less than one cell below the corner for Re ^ 25
as separation at the corner itself within the accuracy of the
finite-difference calculation.
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Technical Comments.
Further Comments on "Local

Nonsimilarity Boundary-Layer
Solutions"

DAVID F. ROGERS*
United States Naval Academy, Annapolis, Md.

SPARROW, Quack, and Boerner1 have developed a new
method of solution for nonsimilar boundary layers and pre-

sented results for several representative problems. Coxon and
Parks2 commented that Sparrow, Quack, and Boerner neglected
a term on the right-hand side of the first auxiliary momentum
equation which could be included. Coxon and Parks expressed
interest in the effect of retaining this extra term on the accuracy
of the results. The results presented below will show that for a
particular case the effect is adverse, i.e., the accuracy is de-
creased. Thus, the closure condition advanced by Sparrow3 in his
reply to Coxon and Parks is to be preferred.

As part of an ongoing study of compressible similar and non-
similar laminar boundary layers, the effect of this choice of
closure condition for Howarth's incompressible retarded flow
was investigated. For Howarth's flow, the freestream velocity is
given by

Following Ref. 1, the transformations
f = x/L, r\ = y(U/vx)1/2, 4 = (vUx)1/2f(^rj) (2)

when applied to the incompressible steady boundary layer
equations and no mass transfer boundary conditions, yield

with

This yields

where

and the function
(5)

(6)
The first auxiliary momentum equation for the locally non-

similar method is obtained by differentiatng Eqs. (3) and (4).
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= (fV-f"g) +
/"0) (7)

with boundary conditions
g(e,0) = j(t,0) = 0; 0 '(£ f l /->oo)->0 (8)

For the two -equation locally nonsimilar method, the closure
condition used in Ref. 1 and recommended in Ref. 3 neglects the
entire term %d/dt;(f'g' — f"g). However, this term may be ex-
panded to yield ^(g'2-g"g}+^(f'g'^-f"g^ Thus Eq. (1) then
may be written as

= (f'g'-f"g}+

Examination of Eqs. (3) and (9) with boundary conditions given
by Eqs. (4) and (8) shows that neglecting only the last term on
the right-hand side of Eq. (9) will yield a system of ordinary
differential equations at each streamwise location £. This is the
alternate closure condition discussed by Coxon and Parks.

The effect of the choice of closure condition, i.e., including or
not including the term <i(g'2 — g"g), was investigated by in-
tegrating both sets of equations using a fourth-order Runge-
Kutta integration scheme with a fixed step size of 0.01.

Table 1 Comparison of closure conditions for the LNS method applied
to Howarth flow"

{
0.0
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.075
0.076
0.08
0.09
0.095

Without term
/"(O)

0.33205754
0.31635425
0.30008091
0.28324570
0.26584963
0.24792076
0.22951139
0.21070638
0.20119169

0.19162534
0.17240954
0.16278799

t(g'2-g"g)
0"(0)

-1.5429949
-1.6254251
-1.7167614
-1.8185079
-1.9324951
-2.0609066
-2.2063531
-2.3719145
-2.4633480

-2.5612217
-2.7786882
-2.8997843

With term t(g'2-g"g)
/"(O) 0"(0)

0.33205754 -1.5429949
0.31656385 -1.6475604
0.30122970 -1.7707965
0.28679669 -1.9175033
0.27463834 -2.0914424
0.26688397 -2.2899082
0.26560624 -2.4970761
0.27115886 -2.6892762
0.27605213 -2.7744743
0.27716689 -2.7905409

No solutions
No solutions
No solutions

No solutions

" Numerical results are given to eight significant figures for information purposes only.
Results are considered accurate to ±5 x 10~6. ^max = 12.0 for all calculations.


